Background: A response surface analysis was performed to study the effect of the composition and feeding thermal conditions of ternary mixtures on the number of theoretical stages and the energy consumption of Petlyuk columns. A modification of the pre-design algorithm was necessary for this purpose.
Background
Distillation, one of the unit operations employed for separation of vapour-liquid mixtures, is a very energy demanding process. The use of non-conventional distillation columns, such as those suggested by Petlyuk et al. [1] , can generate significant savings in energy consumption and thereby significantly reduce the capital costs compared to conventional sequences. The use of thermally coupled columns has decreased the costs of equipment and energy consumption by up to 30% [2] [3] [4] [5] [6] [7] [8] . Figure 1 shows examples of separation sequences by distillation, both conventional (a and b) and nonconventional (c, d, e and f ), for the separation of ternary mixtures. Configurations c) and d) are employed frequently in the oil industry for the separation of air by cryogenic distillation (for example, a side rectifier is used for the recovery of argon). The e) configuration is a fully thermally coupled column, known as a Petlyuk column [4, 5, [7] [8] [9] [10] [11] . The f ) configuration corresponds to the divided wall column [10] , also known as Kaibel column; these columns are currently used in the industry [11] .
The proposed methods for the design of thermally coupled columns involve a pre-design stage that consists in breaking the system into a set of equivalent columns. The results from the pre-design stage are used to determine the initial design configuration of the Petlyuk column, which must be optimized in order to attain minimum energy consumption.
Other works about the design of Petlyuk-type columns have reported case studies of hydrocarbon mixtures with an equimolar composition [5] [6] [7] [8] or with a high concentration of some of the components [12] [13] [14] [15] . However, the pre-design method reported fails many times (no convergence to a solution) or yields infeasible solutions (poor quality output streams) when applied to other mixtures or other feed conditions such as non-equimolar mixtures and mixtures in which no single component is more highly represented than others. These facts are demonstrated in this work.
This paper proposes modifying the algorithm used in the pre-design of Petlyuk-type columns for distillation of ternary mixtures so that the pre-design stage is always successful and guarantees feasible results. Separation fractions are established in the equivalent configuration by minimizing the total sum of the theoretical stages and restricting the composition of the output streams to a desired value.
Methods
The method used for designing Petlyuk-type columns consists of two stages: a) pre-design and b) optimal design.
Pre-design
This stage consists in creating a distillation sequence equivalent to the Petlyuk column. The equivalent configuration for separating three components is shown in Figure 2 ; it contains a sequence of three columns. Each column of this sequence is designed using the FenskeUnderwood-Gilliland (FUG) procedure for multicomponent distillation with the shortcut method [4, 16] .
The FUG design method requires knowing the following about each column; a) feeding conditions, (established by the problem to be solved and by the interconnection between columns); b) the operation reflux ratio (fixed to 1.2 times the minimum reflux); c) pressure and type of condenser (fixed according to the FUG method); d) recovery fractions of key components. Conditions (a) to (c) are established in the traditional manner of the FUG method as described by Henley and Seader [16] . However, the manner in which condition (d) is established is where the difference between the traditional pre-design method and the method proposed in this article lies.
In all cases reported in the literature [2, 3, 13, 15, 17] , the recovery fractions for all columns are set directly, with values ranging from 95% up to 98% in both key components. In the method proposed in this work, the recovery fractions are established by an optimization problem in which the total number of theoretical stages of the equivalent configuration is minimized and the composition of the output streams are restricted in order to reach their desired value. The target function of the optimization problem, which must be minimized, is presented in Equation 1: g 1 f LK ;1 ; f HK ;1 ; f LK ;2 ; f HK ;2 ; f LK ;3 ; f HK ;3
where f is the recovery fraction of key light components (sub-index LK), or key heavy ones (HK), in the respective column (sub-indexes 1, 2 or 3); N i is the number of theoretical stages of the column i (1, 2 or 3) and N is the total number of theoretical stages of the complete system. The problem, set forth with only the objective function, contains 6 degrees of freedom; however, 4 of them are equality restrictions that restrict the composition of the desired product. Objetive: to obtain the reflux ratio so that SSE is minimized
Restrictions of inequality: R op > R min

Restrictions of equality:
Compositions of the output flows are similar to those wanted.
Optimization.
Objetive: to determine the interconection flows that minimize the thermal load in the main column. Figure 4 Algorithm for optimal design of Petlyuk-type columns.
Restrictions of inequality:
well as the top product stream of column 3, are established at the same desired value of purity, while the composition of the heavy component (component C) in the bottom product stream of column 3 is established at a desired value of purity. In this work, a purity of 98% was established for each of the products; however, any other value may be applied and the method will still work correctly. This composition allows the streams produced to present a high level of purity. With these equality restrictions, the problem of optimization is left with only 2 degrees of freedom and the feasibility of the solutions is ensured. Inequality restrictions are established in order to ensure that the problem can be solved. In any column, the minimum reflux ratio must be greater than zero, the top recovery fraction of the light key component must be greater than the top recovery fraction of the heavy key component, and must have at least 3 stages. Figure 3 shows the algorithms for the two cases discussed. It has been found that in the traditional method, in which the separation fractions are specified, the composition of the output streams differs from the desired specifications, mainly when the feed composition is not equimolar. In contrast, the method proposed here ensures that the composition of the output streams is equal to the one specified by the user, even though the composition and thermal conditions of the feed streams vary.
Optimal design
The information obtained from the equivalent configuration (theoretical stages, molar reflux ratio, interconnection stream flows, flow of each component in each output Table 1 Whole experimental plan with 90 study cases Using rigorous methods, it is possible to determine at this stage the operating conditions that are necessary for the Petlyuk-type column to consume a minimum amount of energy. In our work, this stage performed in the same way as reported in the literature [1, 7] . The algorithm is represented in Figure 4 . The optimal design is developed by performing two optimizations: the reflux ratio of the main column is determined by the first optimization, and the flows of the interconnection streams, which minimize the thermal load of the Petlyuk column are determined by the second one.
The value of the reflux ratio is obtained by minimizing the objective function presented in Equation 2, which represents the sum of the squares of the errors between the calculated and the desired molar flows:
where d A and d Table 2 Results obtained applying both algorithms for the pre-design of Petlyuk columns Once the reflux ratio is obtained, the amount of energy used (Q) is minimized using Equation 3, defined as the sum of the absolute values of heat required by the boiler (Q r ) and the heat removed in the condenser (Q c ); the minimization is achieved by the variation of the interconnection flows (L sup , V inf ) of the Petlyuk-type column.
The optimal design of a Petlyuk-type distillation column is achieved after carrying out this step.
Experimental
The cases studied here allow us to show the benefits and problems of both algorithms when using them for predesigning Petlyuk-type columns, and also for estimating general response surfaces. In all cases, it is taken for granted that the system is working at a constant pressure with a feed flow rate of 45.36 kgmol/h.
In order to show the benefits of the proposed method, only three factors were studied. However, further studies should be done including more factors. The factors studied here are: quantitative factor was studied within a range of 0.00 (saturated vapour) to 1.00 (saturated liquid), that is to say, the mixtures were fed in a liquid-gas state.
In the distillation columns, higher fixed costs are generated by the column size, and higher operating costs are generated by thermal loads. Here we studied the effect caused by the factors mentioned above on the following two response variables: An experimental strategy involving ninety study cases was established for the purpose of studying the effect that each of the factors mentioned may have on the response variables (N and Q). The experimental plan, obtained by the D-optimal strategy, contains the necessary number of experimental points required to obtain a representative response surface from the combinations of the levels of all factors. This experimental plan ensures that we fully study each factor within its range, not making the mistake of studying only a few points that may yield good results. The experimental plan is presented in Table 1 . An Aspen Plus V7.1® simulator was used in the ninety study cases for obtaining the necessary information in the pre-design stage, as well as in the optimal design stage. In all cases, we used the RK-Aspen property method for predicting all phases. The Redlich-Kwong-Aspen equation-of-state is the basis for the RK-ASPEN property method and can be consulted at [18] . Table 2 presents the results obtained for the number of theoretical stages and the thermal load when both algorithms were applied in the design of Petlyuk columns. Feasible results were obtained with the proposed method (Method 2) for all 90 study cases with a solution that met all the established specifications, whereas the traditional method (Method 1) provided feasible results only for 8 of the 90 study cases.
Results and discussion
An analysis of the failures of Method 1 is presented. Table 3 presents a summary of the results obtained with Method 1. Only 8 study cases (which represent 8.9% of the study cases involved) obtained feasible solutions that met all the established specifications of the problem addressed (type A solution), 5 of which are for the M 1 mixture, 3 for the M 2 mixture, and none for the M 3 mixture. This explains, perhaps, why in previous works with Petlyuk columns only ideal mixtures have been used.
Other feasible solutions were obtained for 28 study cases (type B and C solution), but the results were different from those required (type 2 solutions). For example, the type B solution implies that purities lower than 98% are obtained in a component by applying the design method, even when a value of 98% had been established. The type C solution involves a failure in the purity of two components. Figure 5 shows this for study case number 27 (type B solution), in which a purity of 55% was obtained for the intermediate component (n-hexane). Infeasible solutions were obtained for 54 study cases (60% of cases), that is to say, the FUG equations did not provide a solution for the conditions specified in the traditional method.
In all cases where type A, B and C solutions were obtained, the number of theoretical stages in the traditional method was less that in the method proposed here. Although this is an advantage of the traditional method, the proposed method always converges to the desired purity specifications. Comparing these two aspects, the proposed method turns out to be the better one, since the design of the Petlyuk columns is based on the purity of the products. With respect to the thermal load, similar results were obtained with both methods; in some cases the proposed method yielded better results than the traditional method and in other cases the reverse occurred. These results show that the proposed method is comparable to the traditional method in terms of the economic benefits reported in other studies, but it provides feasible results always. Thus, the proposed method allows for exploring a number of conditions, which was not possible with the traditional method. Tables 4 and 5 present the descriptive statistics of the results obtained through the proposed method (Method 2), regarding the number of stages and the thermal load, grouped by each of the mixtures. In these tables, it can be seen that the M 1 mixture is easier to separate and that the Since the proposed method (Method 2) was adequate in all studied cases, an analysis of variance (ANOVA) and a response surface analysis were performed using a quadratic model for the mixed factors and a linear model for the process factors. In this case, we used an ANOVA, since the response, obtained from simulations, had a certain degree of bias, as it came from optimization results (Equations 1, 2 and 3) that are sensitive to initial conditions. For example, N depends on the composition of the flows of the interconnection streams that were obtained in the pre-design stage, established by optimization. This ANOVA is presented only to explore the response surface of variables N and Q. Table 6 presents a summary of the ANOVA performed with transformations for the number of stages and the thermal load. In both cases, the model is statistically significant (p < 0.05) with respect to the response and represents a good adjustment, since the coefficient of determination (R 2 ) is in reasonable agreement with the adjusted coefficient of determination (R 2 adj ); therefore, these models can be used to navigate the design space. This provides us with a safe way of representing the response surfaces with respect to the number of stages and the thermal load.
It can be observed in Figure 6 that when the light component (component A) is found in greater quantity, there is a larger number of theoretical stages and therefore a higher cost in equipment. However, a lower number of stages, and hence a lower cost in equipment, is achieved when the intermediate component is found in a larger quantity only with the M 1 and M 2 mixtures (subfigures a-f ), while the same happens with the M 3 mixture when there is a larger quantity of the heavy component (subfigures g-i) . With the same mixture, when the thermal conditions of the feed change, the qualitative form and the magnitude order of the response surface do not suffer any considerable changes. In this way, the cost of the Petlyuk column is little sensitive to changes in the thermal conditions of the feed. For the same thermal conditions of the feed, when the mixture changes the response surface undergoes considerable changes, qualitative as well as quantitative. This implies that the capital cost of a Petlyuk column is sensitive to the type of mixture that one is trying to separate. Mixture M 3 is more difficult to separate (subfigures g-i). Figure 7 shows that a greater thermal load, and therefore a higher operation cost, occurs when the heavy component is found in greater proportion, while a smaller thermal load occurs when the lighter or intermediate component is found in greater proportion. In all mixtures, when the thermal conditions of the feed change, the qualitative form of the response surface does not suffer considerable changes. However, when the thermal condition of the feed changes, the order of magnitude of the 5response suffers considerable changes too, which indicates that the operating cost of a Petlyuk column is very sensitive to changes in this factor. For the same thermal conditions of the feed, the response surface undergoes considerable quantitative changes when the mixture changes. That is why the cost of operation of a Petlyuk column is very sensitive to the different mixtures that one is trying to separate.
Conclusions
The proposed strategy allow us not only to find a feasible design that meets output specifications but also one in which energy consumption is comparable to that obtained by the traditional pre-design model, which uses fixed fractions. We are certain that with this method it is possible to obtain feasible solutions for a wide range of conditions, allowing for more general studies on the design of distillation columns of the Petlyuk-type. We are contemplating conducting a larger study taking into account other process parameters (e.g. the reflux ratio). 
